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We study scalar perturbations in the background of a Topological Lifshitz black hole in four di- 
f*^ ' mensions. We compute analytically the quasinormal modes and from these modes we show that 

| Topological Lifshitz black hole is stable. On the other hand, we compute the reflection and trans- 

mission coefficients and the absorption cross section and we show that there is a range of modes 
with high angular momentum which contributes to the absorption cross section in the low frequency 
limit. Furthermore, in this limit, we show that the absorption cross section decreases if the scalar 
f \ , field mass increases, for a real scalar field mass. 
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I. INTRODUCTION 



cr: 

u 

The Lifshitz black holes are interesting because they are solutions of theories that exhibit the anisotropic scale 
£f+l ' invariance t — ¥ X z t, x — > Xx, where z is the relative scale dimension of time and space 1 and by its representation as 
^ , the gravitational dual of strange metals [l| ■ In the present work we consider the four dimensional Topological Lifshitz 
£S) ' black holes Q, with dynamical exponent z — 2, which is described by the metric 
00 

, , r 2 I > 2 1 \ , , dr 2 



d * 2 = "p (j* ~ V ^ + (4 ^ + r 2 dtt 2 , (1) 



2 / 



where dfl 2 — d9 2 + sinh 2 9d(j) 2 , and we present exact solutions for the quasinormal modes (QNMs), the reflection and 
transmission coefficients and the absorption cross section. The QNMs, as the absorption cross section have a long 
history, see Q, 0], 0], H, Q, 0, [1] and p3], [T0], El, QJ, H, El, El, respectively. The QNMs have been mainly 



related to the quantized black hole area and mass 



18[ and [19|. Furthermore, the QNMs have been also related 



to thermal conformal field theories [13] in the context of AdS / CFT correspondence [2l| . In [22| a quantitative test of 
such a correspondence was made for the BTZ black hole. Another consequence of AdS/CFT correspondence has been 
the application beyond high energy physics to another areas of physics, for example quantum chromodynamics and 
condensed matter. In this sense, Lifshitz spacetimes have received great attention from the condensed matter point 
of view i.e., the searching of gravity duals of Lifshitz fixed points. In (23j has been conjectured gravity duals of non 
relativistic Lifshitz-like fixed points. This correspondence have been also studied in [lj. In this paper we study the 
quasinormal modes of scalar perturbations, therefore through this correspondence the quasinormal modes of Lifshitz 
black holes have an interpretation as the poles of the holographic Green's function related to the bulk scalar field. 

On the other hand, the absorption cross section allows us to know the absorption probability and to study the 
scattering problem. Recently, the QNMs have been reported, as well as the stability analysis and the area spectrum 
of three dimensional Lifshitz black holes [24J and the absorption cross section [25| an d |26| . th e QNMs and stabil- 
ity analysis of four dimensional Lifshitz black hole with plane transverse section [27| and [28| and the QNMs and 
thermodynamic quantities for three and four dimensional Lifshitz black holes [2^ |. 
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1 If z = 1, the spacetime is the usual AdS metric in Poincare coordinates 
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In this work, we analize numerically the behavior of the reflection and the transmission coefficients and the absorp- 
tion cross section of four dimensional Topological Lifshitz black holes and we find that there is a range of modes with 
high angular momentum which contributes to the absorption cross section and that it decreases if the scalar field 
mass increases, for real scalar field masses in the low frequency limit. 

This paper is organized as follows. In Sec. [Til we consider Dirichlet and Neumann boundary conditions and we 
calculate the exact QNMs of the scalar perturbations. Then, from these quasinormal modes, we study the stability 
of this black hole. In Sec. IIIII we calculate the reflection and the transmission coefficients and the absorption cross 
section. Finally, our conclusions are in Sec. [IVJ 



II. QUASINORMAL MODES 



The QNMs of scalar perturbations in the background of a Topological Lifshitz black hole in four dimensions are 
given by Klein- Gordon equation of the scalar field solution with boundary conditions. This means that there is only 
ingoing waves on the horizon and the scalar field, Dirichlet boundary condition, or the flux, Neumann boundary 
condition, vanishes at infinity. The Klein- Gordon equation is 



f 



(2) 



where m is the mass of the scalar field ip, which is minimally coupled to curvature. In order to find an exact solution 
to the scalar field we will perform the following change of variables y — which will allow us to write the metric 
©, as 



ds 2 



(y-1) dt 2 + 
V y > 4y(y-l) 



dn 2 . 



(3) 



Now, if we consider the ansatz ip = R{y)Y{^2,)e luJt , where Y is a normalizable harmonic function on 53d-2 which 
satisfies V 2 Y" = —QY, being 



Q 



d-3 



the eigenvalues for the hyperbolic manifold. The Klein-Gordon equation ([2]), can be written as 



y (1 - y) d 2 R(y) + (2 - 3y) d y R(y) + 



l 2 u 2 / 2 2 Q\ 1 m 2 l 2 
+ 1 2 uj 2 + ^ 1 



2; y 



R(y) = 



If we define z = the equation ([5]) , becomes 



z (1 - z) d 2 R(z) + d z R{z) + 



2/2 



l 2 u? + I 



4(1 -z) 



R(z) = , 



and the decomposition R{z) = z a (l — z)^K(z) 7 with 



a± = ±itol , 



(4) 



(5) 



(G) 



(7) 



/3± = i(2± v / 4 + m2/2) , 

let us to write (j6]), as a hypergeometric equation for K 

z(l - z)K"{z) + [c - (1 + a + b)z] K'(z) - abK(z) = 
where the coefficients are given by 

a = i (-1 + 2a + 2/3 ± a/I - 2Q - 4oj 2 1 2 ^) , 



(8) 



(9) 



(10) 
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6 = i (-1 + 2a + 2/3 T V 7 ! - 2Q - 4w 2 / 2 ) , (11) 

c=l + 2a. (12) 

The general solution of the hypergeometric equation ([9]) is 

K = CiF 1 (a,b,c;z) + C 2 z 1 ~ c F 1 (a - c + 1, b-c+ 1,2 - c; z) , (13) 

and it has three regular singular points at z = 0, z = 1. Where z = oo. F±[a, b, c; z) is a hypergeometric function and 
C\ and C2 are constants. Then, the solution for the radial function R{z) is 

R(z) = Ciz a {\ - zfFi(a, b, c; z) + C 2 z~ Q (l - zfF^a - c + 1, b - c + 1, 2 - c; z) . (14) 

So, in the vicinity of the horizon, z = and using the property F(a, b, c, 0) = 1, the function i?(z) behaves as 

R(z) = de alnz + C 2 e~ alaz , (15) 

and the scalar field -0, for a — a_, can be written in the following way 

4> ~ C*ie-^ ( * +Hn2) + C* 2 e" l " (t " nnz) , (16) 

in which, the first term represents an ingoing wave and the second one an outgoing wave in the black hole. So, by 
imposing that only ingoing waves exist at the horizon, this fixes C2 = 0. Then, the radial solution becomes 

R(z) = C ie alnz (l - zfFxia, b, c; z) = C ie ^ Unz (l - zfF 1 (a, 6, c; z) . (17) 

To implement boundary conditions at infinity (z = 1), we shall apply the Kummer's formula for the hypergeometric 
function [301 ] . 

F / fl6r ., 1 _ r (c)r(c-q-b) t r( c )r(o + ft- c ) 

FMcz) - T{c _ a)T{c _ b) F 1 + (l-z) T{a)m F 2 . (18) 

Where, 

F x =F 1 (a,b,a + b-c, l-z) , (19) 

F 2 = Fi(c- a,c- b,c- a - b+ 1, 1 - z) . (20) 
With this expression the radial function (fT7| reads 



R(z) = C ie -^'(1 - ,) ^i c)r(c ~ a ~^ 1 + C ie --"-(l - , ) c-a-6^ r(c)r(a + 6-c) 

l(c— a)l(c— 0) 1 (a)l (0) 

and at infinity can be written as 



F 2 , (21) 



_ Cl(1 _ „> ^-;:g + c,,i - *)^ r( f<vV ■ <22) 

For, /3 + > 2 the field at infinity vanishes if (a)|,a + = — n or (&)|/3 + = — n for n = 0, 1, 2, .... For, /3_ < the field at 
infinity vanishes if (c — a)\p_ = —n or (c— b)\p_ = —n. Therefore, the quasinormal modes are given by 



V4 + m 2 l 2 + 2n 2Q + V4 + m 2 l 2 + 2n 

Wl = —i % ; , = . (23) 

4:1 41 (V4 + m 2 / 2 + 2n + l) 

Note that four dimensional Topological Lifshitz black hole is stable due to the imaginary part of the QNMs (|23p . is 
negative. 
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FIG. 1: The effective potential as a function of y for £ = (solid curve), £ = 1 (dashed curve), f = 2 (thick curve), £ = 3 
(dotted curve), I = 1, m = 1.8 and m = 1.8i, respectively. 



Now, we consider that the flux vanishes at infinity (or vanishing Neumann boundary condition at infinity) in order 
to find the QNMs for imaginary masses. Because in asymptotically Lifshitz spacetime, a negative square mass for a 
scalar field is consistent, in agreement with the analogue to the Breitenlohner-Freedman condition that any effective 
mass must satisfy in order to have a stable propagation, [31| , [321 ) . Dirichlet boundary condition must leads to the same 
quasinormal modes for positive square mass from a holographic point of view, but does not lead to any quasinormal 
modes for negative square mass. However, quasinormal modes can also be obtained by considerin g N eumann boundary 
conditions and in the context of conformal field theory, due to the AdS/CFT correspondence [2l| , the quasinormal 
modes match with the dual operators, [22l ]. 

To illustrate this, we consider a real scalar field in the Euclidean version of metric (1) by performing a Wick rotation 
t = it, as in Ref. [231 ] . and considering ingoing waves at the horizon, the bulk scalar field takes the asymptotic form 

4, ~ Cl x A +^ + (T,e,^) + c 2 x A -^ {t,9,^) , (24) 

where x = 1 — z and ip± (r, 6, 4>) are sources for a dual field. A± are roots of A (A — 4) = m 2 l 2 , given by 

A± = 2 ^1 ± + m 2 l 2 ^ = 2f3± . (25) 

The on-shell Euclidean scalar field action is finite for m 2 l 2 > —4 [23[ and (28|. Such as has been shown in Ref. [HI, 
for —4 < rn 2 l 2 < —3 there are two set of dual operators with dimensions A + and A_, respectively. Therefore, the 
second set of quasinormal modes W2 matches the dual operators with A = A_ for this range of scalar field mass. 
Now, we consider the tortoise coordinate 

*£. - ! (26) 

dy y(y-l)' [b) 

to analyze the behaviour of the effective potential at infinity. In this way, the radial equation ([5]) , can be written as 
a Schrodinger equation 



dy 



*2 



+ uj 2 -V(y)) (y 1/2 R(y*)) 



= , (27) 



where 



V W - ( .-„(y-£- ,28, 

We observe that the effective potential go to +oo for 3 + m 2 l 2 > and go to — oo for 3 + m 2 l 2 < 0. See Fig. (TTJ). It 
is interesting note that in the asymptotic limit y — ¥ oo Eq. (|27p can be written as a Schrodinger equation with an 
inverse square potential given by 
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where the stability of the scalar field is given by — h | > — \ [33| or m 2 l 2 > —4. The same analysis has been 
performed for Lifshitz black hole in New Massive Gravity, [25|], where the behavior is similar. Thus, we consider that 
the flux given by 

F = ^f 9 ^ (R*d r R - Rd r R*) , (30) 
2i 

must vanishes at infinity. So, using (l2~Tj) . we obtain that the flux is 

F = C |d| 2 Im (2 09 - 1) B\B 2 + (a + 7) |Bi| 2 (1 - zf^ 1 + (a + tj) \B 2 \ 2 (1 - zf~ 2 ' 3 ) , (31) 



where 



C=^, (32) 



ab 



(33) 



(c-a)(c-b) 

r l = I I Z I 1 . ( 34 ) 



r(c)r(c- a -6) 

Bl = FT vFT ' ( 35 ) 

1 (c — a) 1 (c — 0) 



T(c)T(a + b-c) 

B2 T(a)T(b) ■ (36) 



If -4 < m^Z^ < 0, then 1< 0+ < 2 and < /3_ < 1. So, 2/3 - 1< for £ = ^_ and 3 - 2$ < for /3 = P+. For, /3_ 



+ 



-n 



the flux at infinity vanishes if (c — a)| l g_ = — n or (c — = — n. For /3 + the flux at infinity vanishes if (a)\p 
or (&)|/3 + = —n. These conditions determine the quasinormal modes. In spite of this, these conditions given the same 
QNMs that we have found (f2"3"| previously. 

For, (3 = /3+, the conditions 2/3 + — 1 > and 3 — 2/3 + > are satisfied if -\/3 < Im(ml) < 2. In this case, the flux 
at infinity vanishes if B\ = 0, i.e., if (c — a)\p + = —n or (c — b)\p + = —n. Therefore, the quasinormal modes are 

2n - V4 + m 2 / 2 2Q - ^4 + m 2 l 2 + 2n 

0J2 = —i r, i — ; : . (37) 

4/ 4Z(-V4 + m 2 Z 2 + 2n + l) 



The restriction B 2 = yields the same QNMs we have previously found (1231) . In this case, the imaginary part of the 
QNMs ((37|) is negative if V3 < Im(ml) < 2 for Q > 1/2 and the imaginary part is negative if y2 + 2Q + 2\/T— 2Q < 
Im(ml) < 2 for Q < 1/2. Therefore, under these conditions the four dimensional Topological Lifshitz black hole is 
stable. 



III. REFLECTION COEFFICIENT, TRANSMISSION COEFFICIENT AND ABSORPTION CROSS 

SECTION 

The reflection and transmission coefficients depend on the behaviour of the radial function both, at the horizon and 
at the asymptotic infinity and they are defined by 



R 



F" 



T 



F"L 



(38) 



where F is the flux (|30[) . The behaviour at the horizon is given by (|15|) . and using (|30|) . we get the flux at the horizon 
up to an irrelevant factor from the angular part of the solution 



Ft, 



hor 



-M 2 \C^ 



(39) 
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To obtain the asymptotic behaviour of R(z), we use x = 1 — z in ([6j and we consider the asymptotic infinity, i.e. 
x — > 0. Thus, we obtain the following equation 

x 2 R"{x) - xR'{x) + {-^f + x (^f - §)) R{x) = . (40) 

Whose solution is 

Rasyrnp. (x) = E x B T (1 - A) J_ A {^VB^ x + E 2 B T (1 + A) J A (^Vb^J x , (41) 

where 



m 2 l 2 m?l 2 Q , . 

A = 2 \/ 1 + -T' B = — (42) 



and using the expansion of the Bessel function (30j 

9™ f 

J " (g) = 2 "r(n + i) r 



<? 2 



(43) 



2(2n + 2) 

for q <C 1, we find the asymptotic infinity solution in the polynomial form 

Rasymp. (^) — E\ B ^ X ^ 

+E 2 B 1+A ' 2 x 1+A '\ (44) 
for 2^/Bx < 1. Note that 1 - A/2 = /3_ and gl]) match with ^ with 

^^ = <; c)r(C - a -?j =C 1 B 1 , (45) 
1 (c — a)l (c — 6) 

E 2 ^=c /^ a .^- C ^ ^ 2 . (46) 

r(a)r(6) 

The radial function ((31]) is regular at infinity if 1 — ^ > or —4 < m 2 ^ 2 < 0, and A cannot be an integer, due to 
a + b — c = —A, for (3 — /?_, and c — a — b = — A, for ft = /3 + and the gamma function is singular at that point. The 
first condition is in agreement with the analogue to Brcitcnlohner-Freedman condition. This is, that any effective 



mass must be satisfied in order to have a stable propagation, 3l| and |32j. 



Therefore, the flux (|3"0"|) at the asymptotic region (|44l) is given by 



F asym p « - (1 - 13) I |d | 2 /m[B 2 fl*] . (47) 

up to an irrelevant factor from the angular part of the solution. In order to characterize the fluxes, we split up 
the coefficients B\ and B 2 in terms of the incoming and outgoing coefficients, B in and B out , respectively. We define 
B\ = B in + B ollt and B 2 = iMB out — B in ) with h being a dimensionless constant which it will be assumed to be 
independent of the energy uj [34j , [35[ , [36| , [13] , HI] , [3!| and [26| . In this way, we can write the asymptotic flux (|4"7|) 
as 

F asymp ^ (I - /3)lh Idl 2 [\B m \ 2 ~\B out \ 2 ] . (48) 
Therefore, the reflection and transmission coefficients are given by 

| flout 1 (AQ) 

\B m \ 2 ' l4yj 
T = 2|l-/3||/ l ||B m | 2 ' (50) 



and the absorption cross section er a b s , becomes 



I 

aabs ~ 2|1 -(3\\h\\B m \ 2 ' (51) 
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where, the coefficients |-B in | 2 and |-B out | 2 are given by 

1 



A\Bi? 



1 

ft2 



B 2 \ 2 



-Im[B 2 B*}} , 



(52) 



\B n 



{\Bi\ 2 



1 



\B. 



The poles of the transmission coefficient are given by \B. 
the following relations must hold for the existence of a pole 



h 2 '"*' ' h 

2 



Im[B 2 Bl]} 



(53) 



fc= Z5L^, I m (B* 1 B 2 ) = + \B 1 \\B 2 
\Bl\ 



0. Using equation (1521 and solving for h, we find 

(54) 



Solving these equations for uj it could be possible to obtain a set of frequencies, however it is a difficult task. An 
interesting question is to see if these poles coincide with the quasinormal modes u\ obtained in section II. Due that 
wi are purely imaginary, the constants a, /3, a, b, c, B\ and B 2 are real when evaluated in these modes, therefore 
Im (BIB 2 ) = 0, and from equation ([52"]) we see that for these QNMs to coincide with the poles of the transmission 
coefficient, the following relation must hold 



\Bi\ 







(55) 



but this relation implies = \B 2 \ = 0. However |£?i| and \B 2 \ can't be both zero. Therefore the QNMs oji doesn't 
correspond to the poles of the transmission coefficient. 

It is known that the constant h can be chosen so that the absorption cross section can be expressed by the area 
of horizon in the zero-frequency limit [HJ and [!(| ■ Also, it can be chosen to obtain the usual value of the Hawking 
temperature (35| or in such a way so that the sum of the reflection coefficient and the transmission coefficient be unity 
[4l| . For negative h we obtain that R + T = 1 and for positive h this relation doesn't always hold, see Fig. ([2]) and 
(|3"|). Based on this, in this work we take arbitrarily, but without loss of generality h = — 1 in all the pictures in such 



R+T 
1.4 - 
1.2 - 
1.0 

o.s - 

0.6 1 
0.4 - 
0.2 - 



R+T 

3.5 r 



0.0 



FIG. 2: R + T as a function of £; for h — —1 and h = 1, respectively. Solid curve for ui — and dashed curve for u = 1; m = i 
and 1 = 1. 

way to ensure that R + T = 1 for any angular momentum, the qualitative behavior of the coefficients is the same for 
any negative h. 

Now, we will carry out a numerical analysis of the reflection (|49|) . and transmission coefficients (|50|) . for a four 
dimensional topological Lifshitz black hole. We consider, without loss of generality, I = 1 and we fix h = — 1. Note 
that in (f52|) if h is negative, the coefficients are regular and then we plot them for £ = 0,0.5, 1, 1.5. See Figs. (jH 
[5j, for the reflection, transmission coefficients and the greybody factors, for positive scalar field mass (m — 1) and 
imaginary scalar field mass (m — i), respectively. Here, we observe that in the zero- frequency limit, there is a range 
of values of £ which contribute to the absorption cross section, see Fig. ((6J, as it happens in (38[, |39j . (42| and [26j |. 
Also, we observed in the low frequency limit, that the reflection and transmission coefficients show a minimum and a 
maximum. Therefore, the coefficients have two branches in the reflection case, decreasing for low frequencies and then 
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FIG. 3: R + T as a function ofuj, for h = — 1 and h = 1, respectively. Solid curve for £ = 0, dashed curve for £ = 0.5 and thick 
curve for £ = 2; m = i and 1 = 1. 



Transmission coefficient 
1.0 r 




FIG. 4: The reflection coefficient, the transmission coefficient and the absorption cross section as a function of uj; for £ = 
(solid curve), £ = 0.5 (dashed curve), £ = 1 (thick curve), £ = 1.5 (dotted curve), m = 1, I = 1 and ft = — 1. 



increasing. In the transmission case the behaviour is opposite, they are increasing and then decreasing, in such a way 
that R + T = 1 occurs in all cases. In order to study the effect of the mass of the scalar field, we plot the reflection 
and transmission coefficient and the absorption cross section for the mode with lowest angular momentum £ = 0, with 
/ = 1 and h = — 1 in Figs. ([TJ [8j) , and we consider positive scalar field mass (to — 1, 2, 3, 4) and imaginary scalar field 
mass (m = i, 1.2i, lAi, 1.8i), respectively. It is worth to mention that the coefficients are regular for positive scalar 
field mass, but (|4"4"| is not regular for positive scalar field mass. Essentially, we found the same general behaviour for 
the different values of to and the only difference is a shift in the location of the minimum or maximum of the reflection 
and transmission coefficients, respectively. We observe that the absorption cross is decreasing if the parameter m 
is increasing in the low frequency limit for real scalar field mass, Fig 0. We also can observe the existence of one 
optimal frequency to transfer energy out of the bulk and the absorption cross section vanishes in the low frequency 
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Reflection coefficient Transmission coefficient 




Absorption cross section 

2.5 r 




0.0 u 1 1 1 1 - ' 1 " 1 1 1 w 

12 3 4 

FIG. 5: The reflection coefficient, the transmission coefficient and the absorption cross section as a function of cj; for £ = 
(solid curve), £ = 0.5 (dashed curve), £ = 1 (thick curve), £ = 1.5 (dotted curve), m = i, I = 1 and h = —1. 



Absorption cross section 
2.5 r 




FIG. 6: Absorption cross section as a function of £; for m = i (solid curve), m — 1 (dashed curve), I = 1, w = ana! /i = — 1. 
limit, for £ = and to — > 0. 

IV. CONCLUSIONS 

The Lifshitz black hole is a very interesting static solution of gravity theories which asymptotically approach to 
Lifshitz spacetimes. In this work we have studied four dimensional Topological Lifshitz black hole under scalar per- 
turbations. We have considered Dirichlet and Neumann boundary conditions and we have found that the quasinormal 
modes are purely imaginary i.e., there is only damped modes, which guaranteed the stability of Lifshitz black hole due 
to the imaginary part of the QNMs is negative. Also, we have computed analytically the reflection and transmission 
coefficients and the absorption cross section and we have found that there is a range of modes with high angular 
momentum which contributes to the absorption cross section in the low frequency limit. Furthermore, in this limit, 
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Reflection coefficient Transmission coefficient 




Absorption cross section 
1.4 r 



1.2 - 




FIG. 7: The reflection coefficient, the transmission coefficient and the absorption cross section as a function of co; for m = 1 
(solid curve), m = 2 (dashed curve), m = 3 (thick curve), m = 4 (dotted curve), £ = 0, I = 1 and ft = — 1. 



the absorption cross section decreases if the scalar field mass increase, for a real scalar field mass. 
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